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Brouwer Fixed Point Theorems and Their Applications
Khin Nwe Ayé

Abstract

The main objective of this research paper is tdstihe Brouwer's fixed point theorems and
their relative theorems. First, we introduced Breuwer fixed point theorem iR. Secondly,
we study the homeomorphisms and the fixed poimpégrty in metric space. Next, we focused
on Brouwer fixed point theorem, which states tadtxed point exists provided X is a
compact and convex subset @&} *1. After that, the contraction mapping theorem ingssa
strong continuity condition of but only very weak conditions on X. Finally, proof the
Tarski Fixed Point Theorem is mentioned.

Introduction

This paper is an exposition of the Brouwer FixedP@heorem of topology and the
Three Points Theorem of transformational plane gdom If we consider a sef and a
function f: X — X, a fixed point off is a pointx € X such thatf(x) = x. Brouwer’s Fixed-
Point Theorem states that every continuous funcfiom the n-ball Bto itself has at least one
fixed point. An isometry is a bijective functionofn R? to itself which preserves distance.
Although the Three Points Theorem is not itself ieed-point theorem, it is a direct
consequence of the following fixed-point theorem.isometry with three non- collinear fixed
points in the identity. The Three Points Theoreatest that if two isometries agree at three
non-collinear points, they are equal.

Brouwer Fixed Point Theorem and Its Relative Theorens
Most of the definitions and theorems provided i thaper are referred from [1].

1. The Brouwer Fixed Point Theorem inR
1.1 Definition

Let X be a compact convex set. A fixed point ofaamtcuous functiorf :X - X is a
point&[IX satisfyingf(§) = &.

1.2 Theorem If X = [a,b] O P andf :X - X is continuous theh has a fixed point.
Proof : If f (a) =a orf (b) =b then we have done. Otherwi$¢a) > a andf (b) <b.

Define g(x) = f (x) —x. Theng (a) > 0 while g(b) < 0. Moreover,g is continuous sincé
iscontinuous. Therefore, by thetermediate value theorem, there is anll(a,b) such that
9(€) = 0, hencé(§) =¢&.

The following are examples in which one of thficient conditions in theorem 1.2are
violated and no fixed point exists.
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1.3 Example.Let X = [0, 1) and (X) = %1 Here, f is continuous and X is connected, but X
is not compact. Thus,f has no fixed point in [0, 1).

1.4 Example.Let X = [0, 1] and (x) =1 ifx<1 f(x) = 0ifx=>1.
2 2

There is no fixed point. Here X is connected anghgact buf is not continuous.
1.5 Example. Let X = [0,2]0[2, 1] andf (x) = 1. There is no fixed point. Herkis
37 3 2

continuous and X is compact, but Xnigt connected.

Finally, we notice that the conditions theorem ar@ sufficient but not necessary. The
requirement that a fixed point must exist farery continuous f imposes much stronger
conditions on X than the requirement that a fixed point exfsir some giveri. For given X
andf, a fixed point may exist as long as X is not emmyen if every other condition is
violated.

1.6 Example.Let X = (0,%) D(é,oo). Letf () :%if X = %, f (x) = O otherwise. Then X is not
closed, not bounded, not connected &m&l not continuous. But has a fixed point, namely

£=1,
4

Now we consider that how to generalize theoremfrb/2 a statement about X Pto a
statement about X P". There are two issues.

The first issue is that the line of proof in theunfe2 does not generalize to higher
dimensions. For X = [0,1], a fixed point occurs whéhe graph of crosses the4bne. Since
the 45line bisects the square [0,M] P, if f is continuous then its graph must cross this line,
the proof based on the Intermediate Value Theorermdlizes exactly this intuition. In
contrast, if X = [0, 1J0P?, then the graph bfies in the 4-dimensional cube [024]0, 1]?, and
the analog of the 49ine is a 2-dimensional plane in this cube.

A 2-dimensional plane cannot bisect a 4-dimensicoék (just as a 1-dimensional line
cannot bisect a 3-dimensional cube). Brouwer marapng other things, insure that the graph
off, which is 2-dimensional, does not spiral arourel 2kdimensional 45plane, without ever
intersecting it.

The second issue is that it is not obvious howednegalize the condition that X be an
interval. Requiring X to be a closed rectangleors $trong. On the other hand, requiring X to
be compact and connected is too weak, as the rari@e illustrates.

1.7 Example.Let X be a disk with a central hole cut out X =& |K||0[€ , 1]}where
€l1(0,1) . Then X is compact and connected butribisconvex.

Letf be the function that, in effect, rotates X byadf hurn. More formally, represent
P? in polar coordinates: a point, @) corresponds t& =r cos@), Xo = r sin).

Thenf (r,0) = (r, 8 + ). This function is continuous but it has no fiyeoint. Here, X
is connected but not convex, which leads natutallthe conjecture that a fixed point exists if
X is compact and convex. This intuition is correct, but convexity can besakened, at
essentially no cost, for a reason discussed inéiésection.
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2 Homeomorphisms and the Fixed Point Property

2.1 Definition. A metric space (X, d) has thiexed point property if and only if for any
continuous functio : X - X, f has a fixed point. [1]

2.2 Definition. Let (X, dx) and (Y, d) be metric spaces. X and Y aremeomorphic if and
only if there exists a bijectiom: X - Y such that both andh™ are continuous.

Say that a property of sets/spaces is topologicahd only if for any two homeomorphic
spacesif one space has the property then so does the other. Elsewhere, we have shown that
compactness and connectedness are both topolggaatrties. InP,convexity is topological
because, i?, convexity is equivalent to connectedness. Butiengenerally, convexity is not
topological.

For example, i, a figure shaped like a five-pointed star is nomvex even though it is
homeomorphic to a convex set, a pentagon. On tier dand, the fixed point property is
topological.

2.3 Theorem.Let (X, dk) and (Y, d) be metric spaces. If X and Y are homeomorphicénd
has the fixed point property then Y also has thedipoint property.

Proof. Suppose that X has the fixed point property, kdt- Y is a homeomorphism, and that
g:Y - Y is continuous. We need to show thdias a fixed point.

Definef = h™*egeh. Thenf : X X is continuous, as a composition of continuouscfioms.
Since X has the fixed point property, there is anpg* [IX such thatf(x*) = x*, meaning
h™(g(h(x*)) = x*, or g(h(x*)) = h(x*), which implies thah(x*) is a fixed point ofg.

3. The Brouwer Fixed Point Theorem inp"**

3.1 Definition. Let the convex sei" in P"** is called a regulaX-simplex. Then

N+1
A :{X:(xi,...,XNﬂ)DPJrNﬂIZLXi :l}.
i=

More generally, a regulay-simplex is defined byN+1 equally spaced points, the vertices
of the simplex. In the case At the vertices are:

e = (1,0, ... ,0)& = (0,1,0,... ,0), ... &n+1 = (0,... ,0, 1) all of which are distance 1 apart.
A regular 1-simplex is a line segment (Fig. 1). egular 2-simplex is an equilateral triangle
(Fig. 2). A regular 3-simplex is a regular tetratoed(Fig. 3).

X2
A

(O.IN x;+ x,=1

(X11 XZ)

(0,0) w0 4

Fig. 1: A regular 1-simplex (a linayin P2
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X1+ Xot X3=
XlA/ﬁ,O,O) 010~
X2
Fig. 2: A regular 2-simplex (equilateral triangié)n P2
(0,0,0,1)

\ X21 X31 X4)

X+ Xot X3+ X4=1 (0,0,1,0)
(1,0,0,0
(0,1,0,0)

Fig. 3: A regular 3-simplex (tetrahedra¥iin P*

Any regularN-simplex is (almost trivially) homeomorphic 29",

For eachtON, t=1, there is aimplicial subdivision of AY, formed by introducing vertices at the
. k k .
pomt{%, ,T“,...,%jwhereknDN ={0, 1,2, .. } and_k, =t. Note that this set of
n

vertices is finite and includes the original vezic The closest of these vertices are distdnce
t

apart and any set of+1 such closest vertices define lssimplex that is a mini version &Y.
Call these new simplexes sub-simplexes.

For example, iN = 2, (1, 0, 0), (0, 1, 0), (0, 0, 1)are verticéAD.

1
2
six vertices. These six vertices divide the origsienplex into four sub-simplexes, each with

11 1 1 1
If t =2, then three new vertices are introducedaat—z(,O), (E 'O’E)' ©, —, 5) for a total of

1
sides of Iength§ .See Fig. 4.

Fig. 4: Four sub-simplexes for 2
If t =3, the simplex is divided into nine sub-simpkexeach with sides of Ieng§h
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Fig. 5: Nine sub-simplexes foe 3
3.2 Theorem.A™ has the fixed point property.

Proof: Fix a continuous functiorf :AN_ A", If for any subdivision of\" there is a fixed point
at some vertexOJA" then we have done.

Suppose then that for everyno vertex is a fixed point. By a labeling of enplex we
mean a function that assigns a numberlifil,... , N+1} to each vertex. Say that a sub-simplex
is completely labeled if and only if each of Ns-1 vertices has a different label. The proof
now proceeds in two steps.

(1) For eacht consider any labeling such that if the label ofteewn is n thenf,(v) <v,.
Sincef(v) zv (by assumption, no vertex is a fixed point) amted_ f,(v) =1=>v,,
n n

theremust be at least one n for which f(v) < v, hence the labeling is well defined.
(There may be more than onéor which  f,(v) <v,, in such cases, any sucltan be
the label for.)

Suppose that for ea¢hA" has a at least one completely labeled sub-simplex.

Step Two shows that this is true. Let tel vertices of this sub-simplex b, ...\, .., v,

where \{'has labeh. The point ¢, ...V, ...\{"™") lies inANxAVx. .. xAN (N+1 times), which is
compact since\" is compact. Therefore, there is a poixt,(.. XNV and a subsequence
along which ,...\{,...\\""") converges tox{,... X™?%%). For eacht, the vertices of any

1
sub-simplex are exactl?/ apart. Therefore, for argp 0, for allt large enough, for any, \{' is

within € of x*". This impliesx” = ... =xX™Y"_ Call this common limi".For eacht andn, since
the label on' isn, fo(M') <Viy:

Therefore, taking the limit, sindds continuousf,(x ) < X, :

If any inequality is strict, the}_ f,(x') <> x; . Butf:AY- A", hence)’ f,(x') <> x, =1.
n n n n

Hencef,(X) = x, for all n: X is a fixed point df as was to be shown.

(2) Fix anyA" and anyt simplicial subdivision. Consider any labeling oéthertices such
that if the label of vertex is n thenv,> 0. Note that this property was satisfied by the
labeling in step (1). Otherwise, the labeling isastricted.

3.3 Theorem (Sperner's Lemma).Given A", at simplicial subdivision, and a labeling as
above, the number of completely labeled sub-singses odd.
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Proof: If N = 0 thenAY = 1. The "simplex" is just the poimt= 1, for anyt, the simplicial
subdivision is dim and the point is completely lag(the label is 1). Consider naW, N> 1.
This simplex hadl+1 faces defined by any set\obf the vertices. Each face is itself a copy of
AN

Any t simplicial subdivision of the origindl" induces a simplicial subdivision on each face.

By the induction hypothesis, any face &f"*, being a copy of\", has an odd number of
completely labeled (sub-) sub simplexes.

GivenAY, consider th&\-dimensional plane containidyg', namely
PN"'l ] N+1 B
{ xO o x, =1}
n=1

For eacht, one can construct a simplicial division of then® that includes the

simplicial subdivision of the originalAN. This simplicial subdivision has vertices at
k N+1

k, Ky lj k
=+ .., . AN ifork,0Z, ) 1 =1.
(t t t ko nZ; t

For any face of the origindl", consider any sub-simplex of this face. This suib-s
simplex is a face shared by two sub-simplexes,aoseb-simplex of the original simplex and
one that is not. Call this latter sub-simplexegterior sub-simplex.

For anyt, labelAN as above and consider the following sets.
- Si: The set of completely labeled sub-simplexes efafiginalA™.

- S,: The set of sub-simplexes of the origindithat have labels {1,..N} but that are missing
labelN+1 (and hence have one of the other labels repeated

— S3: The set of exterior sub-simplexes for which theef that is a (sub-)sub-simplex of the
original AN is completely labeled with labels {1,N},(not labelN+1).

Let S = SOS,00Ss. Let E be the set of sub-simplicial faces®fthat are completely labeled
with labels {1,..IN} (not label N+1). Note that for angllE, e is a face shared by two sub-
simplexes in S. And ang/ IS has at least one face in E. BA, letdeg(s) equal the number of
faces in E. One can verify that, independentlixof

—Fors0S;00S;, deg(s) = 1.  — ForsIS,, deg(s) = 2.

Then Zdeg(s):Z#E,since eaclelJE is a face of two adjoining elements of S, and any
CES

s0S,00S(which has degree 1) has only one face in E, vdnles[1S,(which has degree 2) has
two faces in E.

This establishes th3f deg(s) is even. On the other hany, deg(s) =#S, + 24S + #S:
S S

By the induction hypothesis, the number of comydtbeled (sub-)sub-simplexeson any face
of AV is odd, hence #3s odd. Sinc{ deg(s)is even, 2#8s even, and #3s odd, it follows
sS

that #S is odd, as was to be shown.

A natural conjecture is that the number of fixednp® must, therefore, be odd, butthis is not
true.
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(1) For X =[O0, 1]f (X) = x has an infinite number of fixed points.

(2) For X = [0, 1]f (x) = 6x°- 9% + 5x—ig1 has two fixed points. See Fig. 1.

These examples turn out to be pathological: in mseethat can be formalized, if X is
homeomorphic to a compact, convex set then "nesasdyy" continuous function on X has an
odd number of fixed points.

f(x) = 6x3 —9x2+ 5x —4/9

0.1667 0.333a 0.5001 0.6668

Fig. 1:f(X) = 66— 9¢ + 5x—ghas two rational fixed pointgs= 5 andng.
A corollary of Theorem 3.2 is that any compact, wansubset of a Euclidean space has the
fixed point property. This is the form in which Bwwer is typically stated.
3.4 Theorem (Brouwer Fixed Point Theorem).
If A OPY is compact and convex then it has the fixed ppiaperty.

Proof: SinceA is bounded, it is a subset of a sufficiently &arggularN-simplex, call it S,
which in turn is homeomorphic &".

Consider any continuous functiofi:A- A. For eachxJS, consider the probleminga
d(x,@). This problem has a solution, sindds compact and Euclidean distance is continuous.
We claim that the solution is unique. Consider aalutionsa,blJA. Let ynote the minimum
distance fronmA to x; then dk,a) = d(x,b) =y. We will show that = b.

a+b ) )
Let c= T , thenc O A, sinceA is convex, and so,

x b _1 1
X_Dl = Zda) +=dx b
H > (x,a) > (%, b)

< d(x,C)= | x- -
\/<(XC)X2 +22

il

That implies dX, c) =v.
Thus, the second inequality above is an equalibyclvimplies thak—a andx—b are positively
collinear, which implies = b. For eachxS, let @(x) be the unique solution tainga d(x,a).

We claim that ¢: S— A is continuous. This is a special case of the Témaoof the
Maximum. To keep these notes somewhat self-coedainere is a proof. Consider aflyS
and any sequence)in S such thatx,—¢&. We need to show tha{x) — ¢X). To simplify
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notation, leta; = ¢x). Take any convergent subsequenag),(converging to, sag, (A
convergent subsequence must exist since A is cdirimatcwe actually do not need this fact at
this point in the proof.) We claim that= ¢(¢) and that; - a.

Consider first ank[IS such that d{,x) < d, a). Then by continuity of d, fot large
enough, X, X) < dfw.aw). Sinceax@xw), this impliesxTJA. By contraposition, ialJA, then
d, a) < dEg, a), hencea= @&).Therefore, every convergent subsequenceptonverges to
the same point, namaty= ¢¢); sinceA is compact, this implies thai— a, hencegx) — ¢<).

Defineg :S—-Abyg=fg@

Note that foralJA, ¢a) = a, henceg(a) =f(¢(a)) =f(a). g is continuous since _ amdre
continuous. Sinc& is homeomorphic ta", Shas the fixed point property. Therefocehas a
fixed pointg, onS g(§) = &. Sinceg(X)UA for everyxUlS ¢UA. Sinceg(a) = f(a)for everyallA,
¢is a fixed point of.

3.5 The Contraction Mapping Theorem

This section focuses on the Contraction Mappingofém, which places only an extremely
weak restriction on the domain but imposes a vepng continuity condition oh

To motivate the Contraction Mapping Theorem, coasfist the case of an affine function
onP: f:P- P,f(x) =ax + b wherea,blP. If az 1, thenf has the fixed point* = b/(1-a).

(Ifa=1and b = 0 then every point is a fixedroif a = 1 andb# 0 then there is no fixed
point.) Note that the domain bhere is not compact.

The following provides an algorithm for finding. Of course, we already have a formula
for x, so we don't need an algorithm. But the algoritteneralizes, where as the formula for
X does not.

First we suppose that|¥ 1. Takex, to be any point irf.

Let X; = f(Xo), X2 = f(x1) = f(f(x0)), ... . Therx,— X . This is easiest to seehif= 0, in which cas&
= 0. Therx, = axg, Xo = aXo, ... X= aXo, ....

Since /< 1,a' — 0,which impliesa’' - 0, as was to be shown. If insteaft|1, then simply
invert y=ax+ bto get,

_ 1 1
x=fH(y)==y-=.
a b

<1, and hencg -y =X.

1
Takeyo to be any point i, y; = f(yo), and so on. Sinca|p 1, ‘—
a

The Contraction Mapping Theorem extends this arguin@ non-linear functions in
arbitrary complete metric spaces. In the case witteeedomain isP and the function is
differentiable, the analog to the requirement ia #ffine case thag||< 1 is that there is a

numberc[0,1) such that for evenyIP,|Df (x)|<c<L.
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For anyx, ([P, the Mean Value Theorem says that there is¢gdn (x,§) such that
Df (xm):w which implies‘f(f)— f(x)| < C|E—X1.
-X

This motivates the following definition.

3.6 Definition. Let (X, d) be a metric space. A functibnX — X is acontractionif and only if
there is a numbeJ[0, 1) such that for an§ xX,

d(f(€).f(x)) =c d(€.9).

3.7 Theorem.(Contraction Mapping theorem).
Let (X, d) be a non-empty complete metric spacenldny contraction
f: X - X has a unique fixed point.
Proof. Take anyx[X and form the sequenag, x; =f (Xo), X2 = f(x1) =f (f (X)), and

so on. It is an easy to show thaf i a contraction then this sequence is CauchyeSkis
complete, there is anX such that - X .

Sincexw1 = f(x), andx; - x*, this implies thaff(x) —x . Sincef is a contraction,it is (trivially)
continuous. HencX) = X', which establishes that is a fixed point. Finally, if&* and £ are
both fixed points then, sindds a contraction, &E),f(x ))<cd(€,x )=d(,x) < cd(€,x), which
implies that d x*) = 0, which establishes that is the unique fixed point.

3.8 Remarklf f is invertible and™ is a contraction thefi‘has a fixed point,
and hence so doés
Conclusion

Generalizations of the Brouwer theorem have appeareelation to the theory of
topological vector spaces in mathematical analy$ise compactness convexity, single-
valuedness, continuity, self-mapness, and finiteetisionality related to the Brouwer theorem
are all extended and moreover., for the case afitafdimension, it is known that the domain
and range of the map may have different topologiess is why the Brouwer theorem has so
many generalizations. Current study of its geneaéibns concentrates on a more general class
of compact or condensing multimaps defined on cersigsets of more general topological
vector spaces.
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